We use the linear supermultiplet formalism of supergravity to study axion couplings and chiral anomalies in the context of field-theoretical Lagrangians describing orbifold compactifications beyond the classical approximation. By matching amplitudes computed in the effective low energy theory with the results of string loop calculations we determine the appropriate counterterm in this effective theory that assures modular invariance to all loop order. We use supersymmetry consistency constraints to identify the correct ultra-violet cutoffs for the effective low energy theory. Our results have a simple interpretation in terms of two-loop unification of gauge coupling constants at the string scale. 
Introduction
Over the past few years there has been considerable progress in understanding the structure of effective actions describing the physics of massless fields in four-dimensional superstring theory. The basic strategy [1] that has proven to be very successful has been to extract the relevant terms in the field-theoretical Lagrangian from the S-matrix elements computed within the full-fledged superstring theory. In this way many important quantities have been determined at the classical level, including the Kähler potentials and the gauge and Yukawa couplings for orbifold compactifications of heterotic superstrings.
Another important development was the observation that the duality symmetry [2] between small and large radius toroidal compactifications extends to a much larger symmetry group of the so-called target space modular transformations acting on the moduli fields [3] . This symmetry can be very helpful when studying the moduli-dependence of the effective actions for orbifold compactifications [4] .
More recently, the program of reconstructing effective Lagrangians from string amplitudes has been pursued beyond the classical level, to higher genus in the string loop expansion. In particular, the moduli-dependence of the one-loop corrections to gauge couplings has been determined [5, 6] by computing the relevant string-theoretical amplitudes.
These string loop corrections turn out to be manifestly invariant under the modular symmetry transformations. The results of [5, 6] provide important constraints on the form of the effective action describing the physics of massless string excitations. This is due to the fact [7, 8, 9] that the radiative corrections generated by quantum loops of massless particles violate the target space modular invariance. Since string theory is modular invariant to all loop order [10] , the effective field theory action must contain some counterterms that cancel this "modular anomaly" in a way analogous to the Green-Schwarz mechanism [11] .
In this paper we determine the appropriate combination of counterterms by matching the field-theoretical couplings of axionic moduli to the gauge bosons with the corresponding string-theoretical couplings. In addition, supersymmetry constraints permit us to identify the correct ultra-violet cut-offs for a consistent Pauli-Villars regularization of the effective low energy theory.
Two classes of axions will be particularly important for our discussion: the universal axion and the model-dependent axionic moduli. The universal dilaton and axion are manifestations of the same superstring excitation that creates the graviton; hence they are present in all possible compactifications of the heterotic superstring theory. The axion corresponds to a two-index (Minkowski) antisymmetric field b µν , and together with the dilaton and dilatino it forms one linear multiplet L [12] of supersymmetry. The effective tree-level supergravity Lagrangian for the dilaton sector is readily obtained [13] from the ten-dimensional Lagrangian by dimensional reduction, followed by the so-called duality transformation on the axion, from the two-index antisymmetric form to a pseudoscalar field. The dilaton supermultiplet is represented then by a scalar chiral superfield which is usually denoted by S. This allows a natural incorporation of the dilaton and axion into the Kähler structure of the locally supersymmetric four-dimensional sigma model describing the massless excitations of the compactified superstring. At the classical level, the Kähler potential has the form:
where G is an S-independent function of all other chiral superfields. The vacuum expectation value (VEV) of the dilaton 1 s determines the gauge coupling constant g:
at the string scale M S which is related to the Planck scale M P by M S = gM P [13] .
The model-dependent axions correspond to the pseudoscalar components of the chiral moduli superfields T whose vacuum expectation values determine the geometry (metric tensor) of the compactified dimensions. The symmetry group of modular transformations depends on the particular orbifold background, however it always contains at least one SL(2, Z) subgroup which acts on a generic modulus T as:
The orbifolds that have been discussed most extensively in the context of modular symmetries are the orbifolds with gauge group E 8 ⊗ E 6 ⊗ U(1) 2 [1, 7] . They contain three untwisted (1,1) moduli T I , I = 1, 2, 3, which transform under SL(2, Z) as in eq.(1.3). In order to make our discussion as explicit as possible, we consider here this one particular class of orbifolds. The corresponding Kähler potential is:
where g I = − ln(T + T ) I , and the exponents q I A depend on the particular matter field Φ A as well as on the modulus T I in question [7] . Our considerations can be generalized in a straightforward way to other orbifold models.
The transformation (1.3), supplemented by the appropriate transformations on the matter superfields Φ A and chiral rotations on the gauginos λ:
where
effects a Kähler symmetry transformation
in the tree-level supergravity Lagrangian. The tree-level Lagrangian is invariant under such transformations.
It has been shown before by other authors [7, 8, 9] that the one-loop effective Lagrangian L 1−loop computed within the framework of the effective field theory of massless string excitations is not invariant under the transformations (1.3, 1.5) because of chiral and conformal anomalies. The variation of the one loop Lagrangian [7, 8] under the modular transformation (1.3) is:
Here, the summation extends over the indices a numbering the simple subgroups of the full gauge group, and the moduli indices I. The constants α I a will be specified in Section 3, where we derive L 1−loop .
Since it is known that the full-fledged string theory is invariant under the orbifold modular transformations (1.3) to all orders of its loop expansion [10] , the massless truncation of string theory is inconsistent unless the effective field theory is supplemented by counterterms whose variation cancels the modular anomaly. These counterterms can be interpreted as the result of integrating out massive fields, such as Kaluza-Klein excitations and the winding modes.
Two types of counterterms have been discussed in the literature in the context of modular anomaly cancellation. The first type [5, 14] is a simple gauge "kinetic" term: 9) where the summation extends over the indices a numbering simple subgroups of the full gauge group, and the f a are analytic functions of the chiral superfields. They transform as: 10) with the constants η I a adjusted in such a way as to cancel the modular anomaly, or at least a part of it. The second type of counterterm [8, 9] is the so-called Green-Schwarz term L GS which utilizes the linear multiplet representation for the dilaton supermultiplet [15, 16] . We will write down L GS after reviewing in Section 2 some basic properties of linear multiplets.
In Section 4 we will exploit the linear formalism to relate the axial couplings given in Section 3 to recent results from string loop calculations [6] . This will allow us to determine the correct choice of counterterm, up to fluctuations about the vacuum configuration for the effective field theory. In Section 5 we use supersymmetry consistency constraints to determine the ultra-violet cut-offs for the effective low energy theory. We also write down the full one-loop effective gauge coupling constant, including the contributions from quantum loops of massless particles as well as from the counterterms. The result has an interesting interpretation in terms of the two-loop renormalization group equation. These results can have interesting implications for threshold corrections in attempts to extract the string parameters from data on coupling constant unification.
We should mention at this point that some results of Sections 3 and 4 have already appeared elsewhere. In particular, the correct combination of counterterms was identified in [8, 9] , although with little explanation. Since the problem of the moduli-dependence of effective actions has been obscured in the literature, which includes a number of incorrect statements, we address it here in a more systematic way. The novel part of this paper consists of a detailed discussion of axionic couplings, the determination of ultra-violet cut-offs and the implications for two-loop coupling constant unification.
The Linear Multiplet Formalism
The general formalism for linear multiplets has been described in Ref. [16] . In this 
employing the so-called modified linearity conditions [16] :
As a result, the Chern-Simons form enters together with the field strength of the axion
3)
The gauge invariance of a multiplet satisfying the modified linearity condition is ensured by imposing the appropriate transformation properties for b µν .
The Lagrangian describing one linear multiplet coupled to supergravity and matter in the presence of a Yang-Mills Chern-Simons form is:
where F is a function of chiral and antichiral superfields (Z andZ), and the linear superfield L. We work in the Kähler superspace formulation [17] in which the supervierbein E depends implicitly on the Kähler potential K(Z,Z, L). In order to exhibit the relation between the linear and chiral representations for the dilaton supermultiplet, it is convenient to consider
where L is now an unconstrained superfield and S is a chiral superfield. Here, Ω denotes the full Chern-Simons superfield [15] : 
This condition, combined with the equations of motion for L, yields a differential equation
for the function F and the Kähler potential K, with the solution
where the "constant of integration" V is an arbitrary real function of the matter superfields. Here we will consider the special case in which the Kähler potential has the form:
where G is an arbitrary function of chiral matter superfields. Then the constraints (2.6,
When the theory is written in terms of the chiral multiplet S, the Lagrangian reads:
The first term is the standard supergravity Lagrangian with the Kähler potential K =
The second term gives rise to a gauge kinetic term [18] of the form (1.9) with a group-independent function f a = S. This is exactly the tree-level kinetic gauge term [13] 
Anomalies in the Effective Field Theory
In this section we evaluate the one-loop corrections that induce modular anomalies.
The results are obtained from standard results for the effective field theory in terms of component fields in the Kähler covariant [17] formulation of supergravity. Using standard results, the one-loop correction to the Yang-Mills Lagrangian is 3 The kinetic energy terms for fermions are normalized canonically: L fermion kin = −iλ¯ Dλ + . . . 4 When matter fields ϕ are included in the effective Lagrangian (3.2), the contributions of chiral supermultiplet loops are modified [22] 
generators T a . Provided that the axial connection and the cut-offs satisfy the conditions
eq.(3.1) takes the form
which is contained in the component field expansion of the superspace result [23]
Since the coefficient of the axial anomaly is unambiguous, the supersymmetry constraint (3.2) can be used to determine the correct ultra-violet cut-offs. We return to this point in Section 5. Here we will simply use the fact that the anomalous Lagrangian (3.4) is uniquely determined from the knowledge of the axial vector couplings.
First consider the gauge sector. For gauginos, the axial part of the connection is
Due to the specific gauge kinetic term, eq.(1.9) with f a = S, the chiral gaugino current λ a σ µλ a couples also to another axial vector field:
The corresponding radiative correction of the form (3.1) induces an additional coupling of Im s to gauge bosons. In Section 4 we will argue that the loop diagrams involving gauge bosons cancel this radiative correction. This means that the total gauge sector contribution is of the form (3.1), with the axial vector field of eq.(3.5).
Next consider matter-loop contributions. We will evaluate the effective Lagrangian 
where the second term assures invariance under reparametrization of the field variables.
To proceed further, we restrict our attention to the class of orbifolds discussed in the 
It will become clear in the next section that it is sufficient to consider a limited class of "integration constants" V which are all equal in the limit of vanishing VEVs for gauge nonsinglet fields: 9) with the constant ω to be determined from the requirement of modular anomaly cancellation at the vacuum; the form of the O(Φ 2 ) terms is dictated by modular covariance.
After evaluating Γ α βm , eq.(3.7) becomes:
Summing the gauge and matter contributions to the effective Lagrangian (3.1), and using the appropriate cut-offs as determined by eq.(3.2), the result can be interpreted as a term in the expansion of the following superspace expression:
where were determined in [7] by using the Kähler potential exponents q 
Higher Genus Supergravity
In this section, we shall discuss the implications of recent computations [6] We have already discussed in the Introduction one class of counterterms, eq.(1.9). We begin this section by discussing another type -the so-called Green-Schwarz counterterm [8, 9] .
In the linear multiplet formulation [16] , the Green-Schwarz counterterm corresponds to the part of L lin involving the "constant of integration" V , c.f. (2.7):
If the linear multiplet is invariant under modular transformations while V varies as
then In general, the modular anomaly can be cancelled by some linear combination of L f (1.9) and L GS (4.1). The question as to which combination actually does appear in the counterterm can be answered by comparing the results of recent string computations of the axion couplings to gauge bosons with the similar effective supergravity computations.
We are interested in the couplings of scalar particles to gauge bosons. The explicit form of the Lagrangian L lin (2.4) expressed in terms of the component fields is rather complicated; however, only three types of terms will be relevant for further considerations.
These are: 1) scalar kinetic terms and tree-level scalar couplings to gauge bosons, 2) gauge kinetic terms, and 3) pseudoscalar couplings to the chiral matter currents, which induce the couplings to gauge bosons via the usual anomaly diagrams discussed in the previous section.
1) The kinetic energy terms for the scalar fields are:
Here, we list all terms involving H µ that give rise to the kinetic energy terms for the universal axion. It turns out that the last term in (4.5) contains also the only tree-level coupling of axionic moduli to gauge fields, through the Chern-Simons form in eq.(2.3). In order to extract these couplings, one expands V in the fluctuations of scalar fields about their vacuum expectation values. Then the integration by parts yields
where z denotes now the fluctuation of the scalar component of Z and the derivatives are evaluated at the vacuum expectation values.
2) The gauge kinetic terms are:
Note that, in agreement with eq.(2.11), the duality transformation (2.9) gives ∆ lin a = Re s. When discussing the couplings of axionic moduli to gauge bosons it is convenient to consider the three-point correlation function of the two gauge fields A aµ , A bν and one modulus t I , with momenta p 1 , p 2 and p 3 , respectively: As we have already mentioned before, the only contribution to this amplitude from L lin (2.4) comes from the Green-Schwarz term (4.1) and is given by
For completeness, we write down the analogous contribution from L f (1.9):
In a supersymmetric theory 14) therefore the couplings of axionic moduli are related to the moduli-dependence of the effective gauge coupling constants [5] . In fact, the simplest way to determine the moduli dependence of threshold corrections to gauge couplings in superstring theory is by computing the axionic amplitudes. This allows circumventing the problem of infrared divergences present in any direct computation of ∆.
We proceed now to the discussion of higher loop corrections to the couplings of axionic L fixed at its VEV) we obtain:
Here we assumed zero vacuum expectation values of all fields except for the dilaton and the moduli.
As already announced in the previous section, we have excluded from the Lagrangian The three-point amplitude of eq.(4.10) was computed directly in superstring theory [6] , to all orders in the higher genus expansion. The result is is the main result of this section. The agreement between string theory and the effective field theory is guaranteed to all orders in loop expansion by the Adler-Bardeen theorem.
To conclude this section we comment on the axionic amplitudes in the chiral formulation of the effective theory. We consider first the case of β Note that our results do not depend on the form of (and eventual radiative corrections to) the linear part k(L) of the Kähler potential. The classical limit g 2 → 0 dictates though
Effective Cut-offs and Gauge Couplings
In this section we will use the results of Section 3 to identify the effective ultraviolet cut-offs for the low-energy theory. This is possible due to the condition (3.2) which is necessary for a manifestly supersymmetric calculation of the conformal and chiral
anomalies. The ultra-violet cut-offs may be different for different sectors of the theory.
We begin with the determination of the cut-off for the untwisted matter sector.
The untwisted matter sector consist of three charged 27 or 27 matter multiplets This and the following relations are written with the accuracy of order O(g 2 ). In the
. . , i.e. when the three complex tori have equal radii R, the cut-offs (5.1) are equal
where we used the relation M S = gM P and set M P = 1 as is appropriate with the normalization condition (2.6). The compactification scale Λ is often identified with the unification scale. It was first pointed out in [25] that in the case of orbifold compactifications the two scales are different; this fact will reemerge at the end of this section where we discuss the total sum of all moduli-dependent corrections to gauge coupling constants that include contributions from the matter and gauge loops as well as from the counterterms. and adding the superpotential 5) therefore the mass m A is equal to the cut-off as determined from eqs.(3.2) and (3.10).
In fact it has been shown [26] for the simple model [13] that such a supersymmetric regularization gives consistent results for quadratically divergent one-loop correction to the full effective Lagrangian in the limit of a large number of gauge nonsinglet chiral supermultiplets.
Finally, we use eqs.(3.2) and (3.5) to obtain the ultra-violet cut-off for the Yang-Mills sector. The result is 6) which is in agreement with previous results [21] , [14] in a sense that will be made explicit below.
We conclude by discussing the effective gauge coupling constants and their modulidependence. The cut-off dependent gauge and matter loops (3.11) combine with the contributions of counterterms (4.19) to give a manifestly modular-invariant result
Here, the r.h.s. are evaluated at the vacuum expectation values of the scalar fields. The effective gauge coupling constants exhibit nontrivial dependence [5, 6] on the moduli only if the orbifold contains an N = 2 supersymmetric twisted sector, i.e. when some β I a = 0.
In particular, these couplings do not depend on the compactification scale in the case of Z 3 orbifold, in agreement with the general arguments of [25] .
We close this section with a simple observation which may be important for the future discussions of the unification scales. In a supersymmetric gauge theory with massless matter, the following quantity [24] is invariant under the renormalization group transformations, at least in the two leading orders of the perturbative expansion in the renormalized coupling constants g a (µ):
where Z a A are the renormalization factors for the matter fields. The "renormalized coupling constants" g by additional terms involving the scale µ which serves as an infrared regulator. It is very intriguing that the moduli-independent part (5.8) of ∆ a can be written as
if we impose as a boundary condition the relations M S = g a (M S ) in Planck mass units
and k(l) = ln(l), which is consistent with the results of previous sections. 7 We should mention that a similar relation between the one-loop anomalous lagrangians and the higher order renormalization group equations has been pointed out before in [21] and [14] , in the case of a pure E 8 Yang-Mills sector with C G = C and C A = 0. Evaluating eq.(5.10) for a = E 8 and µ = Λ, i.e., at the compactification scale defined in (5.2), gives 12) which agrees with the boundary condition for the two-loop β-function found in [21] and [14] . 
Conclusions
The linear formalism for the dilaton supermultiplet provides a natural framework for incorporating a Green-Schwarz counterterm that cancels the modular anomaly induced by quantum corrections in the effective low energy field theory. The modular anomaly is 7 Note that such wave function renormalizations restore the tree-level form of the kinetic energy terms for the matter fields, c.f. eq.(4.5). that can be present in orbifold compactifications with an N = 2 twisted sector).
